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ABSTRACT

A highly simplified dynamic model of a hydraulic cylinder is investigated. It is assumed that
the hydraulic fluid is incompressible and that the pump provides constant flow rates, which
results in the possibility of velocity control. Two types of anomalies are taken into account:
(a) the time delay due to the controller computations and the internal pressure dynamics and
(b) the difference between maximum piston rod velocities up- and downwards. This results in
a nonlinear system described by a piecewise linear discontinuous map. Nonlinear behaviour
of the system is explored and the practically globally stable parameter domains are identified.
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Figure 1: Left: the hydraulic positioning system. 1: hydraulic cylinder, 2: position transducer, 3: PC
on which the PI controller is implemented, 4: proportional directional valve, 5: electro-motor, 6: gear
pump, 7: pressure limiting valve. Right: stability charts for the PI controller with varying piston rod
velocities (α2).

Designing and tuning a PID controller of a hydraulic system is a highly challenging task
mostly because the conventional ways are based on linear system theory. However, it is well-
known that strong nonlinearities are present in these systems, such as pressure-flow rate re-
lationship, dead zone of the control valves (see e.g. [1]), dry friction [2] or impact dynamics
[3]. The discrete sampling time of the closed-loop control introduces additional complexity



together with the response lag due to internal (mostly pressure) dynamics. Moreover, some
of the above mentioned nonlinearities (e.g. piecewise linear behaviour) cannot be coped with
using linearisation techniques.

The mathematical modelling of these systems often leads to equations with non-smooth or
even discontinuous right-hand side. Fortunately, the progress in the theory of non-smooth
dynamical systems (see e.g. [4] for an overview) provides a toolbox, albeit it is still far from
being general. For example [5] gives a general theory on the existence of periodic and dense
orbits for a bilinear one-dimensional map with a slight extension towards two-dimensional
maps with delay and backlash. In [6] the authors study the border collision bifurcation in n-
dimensional maps with two regions. Chaotic oscillations are also identified in these systems
[7]. Based on numerical simulations, [8] describes an example on the effect of delay and
backlash together.

Despite of its simplicity from the engineering point of view, the simplified piecewise smooth
model of a hydraulic positioning system poses complex dynamical behaviour and interesting
mathematical problems.
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